In precast concrete segmental tunnels, radial and circumferential joints are often the most highly stressed parts and it is therefore important to use appropriate equations to accurately analysed these joints during design and provide adequate structural capacity to avoid failure. Different design codes have put forward equations for the estimation of bursting forces due to concentrated load on precast end blocks. The equations were specifically developed for pre-stressed concrete anchors and not specifically for precast concrete segmental tunnels. The design equations often account for the effects of load eccentricity in estimating bursting force but not the peak stress. This paper assesses the accuracy of published equations for bursting force and peak stress by conducting a high-resolution two-dimensional (2D) finite element (FE) based parametric studies. It was found that the effects of load eccentricity are significant for highly concentrated loads (load width ratios less than 0.3) and that they increase the peak bursting stresses significantly. Regression analysis is used to develop equations for estimating the peak bursting stress and bursting force due to load eccentricity for the design of precast concrete tunnel segments. These equations are more accurate as compared to pre-existing equations and important for practising engineers and designers.
INTRODUCTION
When a concentrated load acts on one of the joint faces of the segment, tensile bursting forces develop beneath the applied concentrated load. These tensile bursting forces are perpendicular to the applied load. The radial and circumferential joints of a tunnel segment are designed to prevent failure due to bursting. The radial joints are stressed due to the axial loads in the lining resulting from applied external ground or hydrostatic loads. The circumferential joints are stressed under the action of the Tunnel Boring Machine (TBM) thrust rams during construction. Figure 1 .0 defines the a/d ratios used to determine the magnitude of the bursting stress under the TBM thrust rams.
Figure 1 Definition of a and d dimensions for Tunnel Boring Machine Ram pad pushing against segment
The earliest work in literature to propose an equation for the bursting force was by Morsch (1922 Morsch ( ,1924 . Further theoretical investigations are given in the literature by Bortsch (1935) ; Magnel (1949) ; Sievers (1952) ; Guyon (1953 Guyon ( ,1972 ; Iyengar (1962) ; Robbins (1969,1970) ; Sarles and Itani (1984) . Of these the works by Guyon (1953 Guyon ( ,1972 and Iyengar (1962) are the ones widely used in the present day industry in the design of precast segments. The theoretical solutions by Morsch (1922 Morsch ( ,1924 can be derived using the strut and tie method (STM). The STM involves representing the flow of forces through the block with a truss and calculating the forces in the truss with one of the forces being the bursting force. It is an old conceptual tool that has been used for over a 100 years. For a concentrically loaded block, the STM solution is given as:
The accuracy of the various equations are assessed by comparison with a validated high resolution two-dimensional (2D) finite element analysis (FEA) model. The use of FEA provides near actual behaviour of materials such as concrete and cement-soil columns depending on loading condition (Abbey et al., 2015 . The problem of a concentrated force at a precast tunnel segment joint can be idealised as a two-dimensional (2D) prismatic block as shown in Figure 2a . Where, a is the width of the applied load, d is the depth of the prismatic block, e is the eccentricity of the applied load, h is the height of the prismatic block and P is the magnitude of the applied load. The distribution of the tensile stress is non-linear as shown in Figure 2b . This non-linear curve can be defined by the first position (x0) of zero tensile stress from the loaded area and the position (xp) of the peak stress (óp). The area under the bursting stress distribution is the total bursting force (Tb). The centroid of the bursting force occurs at a distance, xc from the loaded area. Values of bursting stress in this study are presented as proportions of the uniformly distributed basic stress, ( 0 = bd ) where b is the unit width of the two-dimensional prismatic block. Prismatic concrete and fibre reinforced concrete elements can experience two possible failure modes such as splitting tensile and concrete crushing failures under line and point loading (LL and PL) configurations. According to Conforti, et al., (2016) a LL configuration, characterized by a symmetrical axial load applied on a rectangular strip with loading strip width, a, (Figure 3a ), induces to a two dimensional problem. While a PL configuration characterised by a concentrated load on a square area with side, a, (Figure 3b ) leads to a three dimensional distribution of stresses. However, Square section is generally adopted for both LL and PL configuration (Schnütgen, 2003 , Tiberti, et al., 2015 and Breitenbücher, et al., 2014 .
Figure 3(a and b): Load configurations for studying local splitting behaviour of FRCs
The cracking for splitting varies with a/d ratio and loading configuration. For concrete element under line load, the cracking for splitting occurs in the a/d range from 0.17 to 0.83, while in case of point load it occurs in a range from 0.25 to 0.91 however, crushing failure is predominant both at lower and higher values of a/d ratio. Concrete confinement can have a significant influence on the structural behaviour under a point load configuration due to lateral restraint. For concrete under point load, splitting crack occurs at concrete compressive stress level under the loading area significantly much higher than in case of line load. Study has shown that in a point load test the cracking for splitting occurs always at a value of the compressive stress under the loading area greater than the cylindrical compressive concrete strength due to confinement effect, (Conforti et al., 2016) . In fibre reinforced element under a high concentrated load, the synthetic fibre provides a stable development of splitting cracks and increases load bearing capacity by providing crack-bridging forces against the applied load, (Schnütgen, 2003 and Tiberti, et al., 2015) . Guyon (1953 Guyon ( ,1972 investigated the tensile stresses responsible for cracking problems in early post-tensioning of precast concrete applications in Europe. Guyon's theory agreed with the results of a photo-elastic study by Tesar (1932) . Guyon (1953 Guyon ( ,1972 proposed a symmetrical prism analogy for dealing with eccentric loads. In this analogy, an equivalent prism with dequivalent = d− 2e is used to estimate the effects of eccentricity on the bursting stresses. Points of maximum and zero tensile stress were located by Guyon (1953 Guyon ( ,1972 in his work. Iyengar (1962) determined the stresses and tensile forces for the end of a pre-stressed beam, but the solution does not consider the effects of eccentricity. The solution by Iyengar (1962) is presented in chart form for design. These charts have been reproduced in Figure 4a and the parameters describing the bursting stresses have been fitted to equations in Figure 4b . This is to enable comparison of the study in this paper to the theoretical solution. Iyengar (Traced from Leonhardt (1964)) More recently, He and Liu (2011); Zhou et al. (2015) used polynomial equations defining the load transfer paths of force (isostatic lines of compression (ILC)) to derive equations for the bursting force and centroid of the force. Their equations for bursting force included the effects of eccentricity, however, the peak stress was not included in their study (Table 1) . Di Carlo et al. (2016) presents a procedure for the design of precast tunnel segments for mechanical excavated tunnel lining in fibre reinforced concrete, without any traditional steel reinforcement. Tesar (1932) was among the earliest authors to investigate bursting forces using photo-elastic methods. The photo elastic method has been used by several authors including Christodoulides (1955 Christodoulides ( ,1957 ; Sargious (1960) ; Okada and Fujii (1964) ; Eimer et al. (1966) . Eimer et al. (1966) included brass rods in their photo-elastic model to represent steel reinforcement. Sargious (1960) used the photo-elastic method for the determination of stresses and tensile forces in the anchorage zone of pre-stressed beams. Based on photo-elastic tests carried out by Sargious (1960) , who was working in the same department as Leonhardt (1964) , a formula (Equation 2) for the bursting force is given by the latter as: Leonhardt (1964) proposed this linear relationship (Equation 2) because the theoretical solution by Iyengar (1962) under-estimated the bursting force as compared to the experimental data from Sargious (1960) . Leonhardt (1964) also summarised the previous publication by Iyengar (1962) , which was based on theoretical solutions, in a convenient form (charts) for reinforcement design. Morsch (1922 Morsch ( ,1924 supported his work with tests carried out mainly on stone blocks with a few tests on plain and reinforced concrete specimens. Magnel (1949) compared his theoretical solution with two block tests, which showed that his solution under-estimated both the magnitude of tensile stresses and the distance to the point of maximum stress. Williams (1982) carried out a series of tests on the joints of reinforced tunnel segments. The failure modes were identified. The study concluded that the provision of transverse steel in the area of maximum tensile stress delays the onset of cracking and that treating the tunnel-lining segment as an end-block and designing it to the CP110 design code led to very conservative results. Ibell and Burgoyne (1992) carried out a series of tests on sixty specimens (750mm x 250mm x 150mm) of strip-loaded pre-stressed reinforced concrete end blocks. The loads were placed centrally with a/d varying between 0.1 and 0.7. Ibell and Burgoyne (1992) concluded that the design methods used at the time in Europe were conservative and that it was beneficial to install steel reinforcement over greater depths than used in practice, thereby reducing the possibility of congestion. In the early 1990s, the University of Texas at Austin carried out dozens of model tests of anchorage zones (Burdet (1990); Zhou et al (2015) , based upon which the design equations in the AASHTO (2014) and ACI318 (2014) were developed (Table 1) . Moccichino et al. (2010) carried out flexural and point load tests on fibre reinforced concrete tunnel segments. These tests assessed the performance of fibre reinforced concrete as compared to steel reinforcement concrete and did not include assessment of the joint bursting capacity. Liao et al. (2015) conducted an experimental program using small scale specimens with and without fibre reinforcement. The experimental results were compared with analytical expressions based on a parabolic distribution of tensile stress. Robbins (1969, 1970) used an elastic FE procedure for three-dimensional solids to assess the application of the design method of partitioning for multiple and eccentric anchorages on rectangular and I-section beams. However, they provided very little detail about the FE procedure. Robbins (1969, 1970) found that Poisson ratio has little effect. Sarles and Itani (1984) used the FE method to model prestressed concrete girders for the evaluation of the usefulness of end blocks. The FE model was made up of eight node three-dimensional solid elements with three degrees of freedom per nodal point. Linear elastic, isotropic and homogeneous material properties were assumed. Sarles and Itani (1984) used a Poisson ratio of 0.167 (on the basis that Robbins (1969, 1970) had shown that the Poisson ratio had little effect) and a Young's modulus for concrete of 28000 MPa. One of the conclusions of Sarles and Itani (1984) , was that the maximum transverse tensile stresses increase with eccentricity. Burdet (1990) used elastic FE analysis in his study at the University of Texas in Austin to propose design equations which were later adopted in the American Standards. Hengprathanee (2004) carried out linear and non-linear FE analysis to derive equations for precast beams (rectangular, "T" and "I" shaped sections) considering the effects of a support reaction. A convergence test was carried out to confirm that the mesh size was appropriate. Load width ratios (a/d) of up to 0.5 and eccentricity ratios (e/d) of up to 0.4 were used in the study by Hengprathanee (2004) . From the FE results, the bursting force (Tb) was found to agree with Equation 1 for load width ratios (a/d) greater than 0.2. However, for a knife edge load (a/d =0), the bursting force was found to be about (0.42P), which is much higher than 0.3P according to Leonhardt (1964) . Hengprathanee (2004) proposed a modified equation (xc = 0.5 + 0.25a/d) for the position of the peak stress. However, the magnitude of the peak stress was not compared with the FE results in the study. Gupta and Khapre (2008) used a FE computer code on the platform of a supercomputer known as "PARAM 10000" in their study. The effect of Poisson's ratio over the bursting tensile force is studied and an equation for the bursting force incorporating the effect of the Poisson ratio is proposed. A discretized mesh consisting of 4800 triangular elements with 2501 nodes is used in their study. Gupta and Khapre (2008) showed that the peak bursting stress increases with eccentricity but did not include the effects of eccentricity in their proposed equation. Francis and Mangione (2012) verify the design charts by Leonhardt (1964) using a numerical analysis for a concentrically applied load. In their study, the effect of the contact stress distribution at the joint of a precast tunnel segment on bursting is highlighted and a procedure for the design of steel fibre reinforced concrete (SFRC) tunnel segments involving the use of non-linear numerical analysis is proposed. The British Standard (BS), BS8110 (1997), gives a table of values (Tb/P ratios) for estimating the total bursting force (Tb). The values from this table have been presented as an equation in this paper for comparison (See Table 1 Table 1 .0) for both the magnitude of the bursting force (Tb) and the centroid (xc) of the bursting force. The ACI318 (2014) clarifies that the equation for the bursting force is only applicable to small eccentricities and therefore confirms that limitation of the equation. Guyon (1953 Guyon ( , 1972 
Finite Element Analysis
Most literatures provided equations for bursting force (Tb) with fewer giving further equations for other parameters describing the bursting stress distribution as highlighted in the earlier section. Most of the equations do not consider the effects of eccentricity. According to Stone and Breen (1981) , in dealing with complex geometries where the stress field may change rapidly, two approaches can be employed to achieve accurate solution. These are either mesh refinement or the use of high order elements. Therefore, in this paper a high resolution mesh has been used together with second order elements (Quadratic plane-strain elements with 8No nodes each). The amount of time required to build numerical models means that closed form solutions are more suitable during design for simple problems. A high resolution linear elastic FE model is used in this study, to confirm the theoretical solutions provided in previous studies and develop closed form solutions to account for the eccentricity of the load. An automatic mesh generator is used in this study to create several rectangular meshes of varying grid size to test the convergence of the model results. A model was set up using typical parameters of precast concrete segments for tunnel linings. A block depth (d) of 300mm was chosen for this study as many segmental linings are close to 300 mm thick, (Boye et al., 2018) . Typical values for the elastic modulus (Ec=36400 MPa) of concrete (45MPa cylinder strength), Poisson ratio (vc=0.2) and concentrated load (P =3000 kN/m) were used in this study. Later in this paper, it is shown that the results are not sensitive to the elastic modulus and the magnitude of the concentrated load. The block height h was assumed to be equal to the block depth. The block depth (d) In combinations of load width (a) and eccentricity (e) where the whole load width was not within the block (e + 0.5a > 0.5d), the combination was discarded. This lead to a total of 187No of different load combinations analysed in this study. 
Results and Discussion

Effect of a/d ratio
In this study, the transverse tensile stresses are estimated for varying load width ratios (a/d) using an FE model. The eccentricity is set at zero for the initial assessment on the effects of the load width ratio. Comparison of the theoretical equations by Iyengar (1962) and Guyon (1953 Guyon ( , 1972 with the FE results in this study show that this study agrees well (See Figure 6 ) with the theoretical solution by Iyengar (1962) . However, the equation by Guyon (1953 Guyon ( , 1972 for the peak stress are significantly conservative (Figure 6b ) for small load width ratios (a/d).
Figure 6(a and b): Comparison of theoretical solutions with FEA
A comparison of various design standards with the FE analysis for a concentrically loaded block and the distribution of bursting stresses are shown in Figure 7 and 8 respectively. However, higher peak stresses and bursting forces are obtained when a/d = 0.05. These higher values suggest Equation 1 which is also adopted in most of the design standards (ACI318, 2014; AASHTO, 2014) is not suitable for load width ratios (a/d) less than 0.2. The applied load was changed from 3000 kN to 1000 kN for a load width ratio (a/d) of 0.05, however there was no change (for up to 12 decimal places) in the total bursting force ratio. Similarly, the elastic modulus was reduced from 36400 MPa to 10000 MPa and found to have no effect on the bursting force ratio. The sensitivity to the Poisson's ratio (í) was assessed by changing the Poisson ratio from 0.2 to 0.1 which led to a decrease in the bursting force ratio from 0.2857 to 0.2855. Further reducing the Poisson ratio to zero changed the bursting force ratio to 0.2853. This showed that as the Poisson ratio increases, the bursting force increases confirming the trend observed by Gupta and Khapre (2008) . However, the effect of the Poisson ratio was too small (less than 0.1%) to be significant for design. A convergence test was carried out by varying the mesh size (See Figure 9) . It was observed that the results had converged very well for load width ratios (a/d) greater than 0.1. For the load width ratio of 0.1, there was a variation of about 5% in the bursting force and peak stress at a grid dimension of 200 x 200. However, for a load width ratio (a/d) of 0.05, the variation was around 17%. A grid dimension of 200 x 200 was chosen for the regression analysis in this study since this gave values mid-way between the upper bound and lower bound values in Figure 9 . The convergence test also confirmed that a high-resolution mesh is very important when modelling small load width ratios (a/d). 
Effects of Eccentricity (e/d) on Bursting Force
It was observed that as the eccentricity increases the bursting force reduces (Figure 10a ). The rate of the reduction is higher at larger eccentricities (Figure 10b ). The reduction of bursting force with increasing eccentricity can be incorporated in design using the equivalent prism method suggested by Guyon (1953 Guyon ( , 1972 or the equation by Leonhardt (1964) with dequivalent = d − 2e (equivalent prism). As shown in Figure 11 for a load width ratio of 0.15, the Guyon (1953 Guyon ( , 1972 ) equation is just above the FEA results whilst the solution by Leonhardt (1964) is higher up. Both methods seem to provide a good enough value of bursting force for design even though there is some under estimation at very high eccentricity ratios (around 0.4). Eccentricity ratios (e/d) of around 0.4 do not typically occur in precast segment design, so the discrepancy is unlikely to be of relevance to segmental lining design. The more recent equations by He and Liu (2011); Zhou et al. (2015) even though closer to the FE results, under-estimates the bursting force at high eccentricities. 
Effects of Eccentricity (e/d) on Peak Stress
From the FEA results, it was observed that for load width ratios greater than 0.3, the peak stress reduces as the eccentricity increases (Figure 12 ). The amount of reinforcement required reduces with eccentricity, because the bursting force reduces while the peak stress increases. However, for fibre reinforced concrete segments, more fibres may be required to increase the flexural tensile strength. The increase in peak stress with eccentricity for low load width ratios, has also been confirmed by Sarles and Itani (1984) ; Gupta and Khapre (2008) . However, for load width ratios (a/d) less than 0.3, the peak stresses increase as shown in Figure 12a and Figure 13 respectively. Figure 14 shows that the Guyon method is very conservative for peak stress whilst the use of the theoretical solution by Iyengar (1962) with the equivalent prism method under-estimates the peak stress for low load width ratios (less than 0.3). The load width ratios for the most onerous scenarios at the radial joint in precast segment design range from about 0.1 to 0.3, hence this increase in peak stress with increasing eccentricity is important for design.
Proposed Bursting Force and Peak Stress Equations
The results of the FE analysis in this study agree with the theoretical solution given by Iyengar (1962) for a symmetrically loaded arrangement. However, the theoretical solution does not account for the effects of eccentricity. The FE analysis has also confirmed the effects of eccentricity on the bursting force and peak stress. Most published equations for the bursting force (Tb = 0.25P (1 −a/d)) agree with the theoretical and FE solution when a/d is greater than 0.2, however, the non-linearity which occurs when a/d is less than 0.2 is not accounted for. Using regression analysis in this study to account for the non-linearity which occurs when a/d is less than 0.2 and the effects of eccentricity in reducing the bursting force gives the proposed equation for bursting force (Equation 3). The mean absolute difference between the FEA results and the proposed equation was found to be ⁄ = 0.0027 which is about 1% of the maximum bursting force for a knife edge (a/d) load. There is a lack of equations for the peak bursting stress in the design codes. However, it is known from published papers and proven in this study that the peak bursting stress is linearly proportional to the load width ratio (a/d) and that the peak stress increases with eccentricity (for load width ratios less than 0.3). Further investigation of the FEA results (Figure 12b ) showed that the relationship between the peak stress (óp) and a/d remained close to linear at different eccentricities. However, there is a non-linear increase in the slope of the line with increasing eccentricity and the intercept of the lines reduces with increasing eccentricity. The relationship between peak stress and load width ratio (a/d) can be described by Equation 4, where the intercept and gradient terms vary with eccentricity as shown in Table 2 Table 2 .0 shows the intercept and gradient terms for different eccentricities obtained from the regression analysis. The mean absolute difference between the FEA results for peak stress and the proposed equation was found to be = 0.017 which is about 3% of the maximum peak stress for a knife edge (a/d) load.
Conclusions
The equation commonly used for bursting force (Equation 1) has been improved by accounting for the non-linearity at low load width ratios (a/d) and including the effects of eccentricity. The proposed equation (Equation 3) agrees with both theoretical and numerical elastic solutions. The equivalent prism method is good for predicting the bursting force due to eccentricity but not for the peak stress for highly concentrated loads (load width ratios less than 0.3). Therefore, using the equivalent prism method to predict the peak stress due to eccentricity can lead to under-estimation. The linear relationship between a/d and peak stress is maintained at different eccentricities but the slope and intercept change significantly. The proposed equation (Equation 4) for the peak stress can enable more efficient design. It was also confirmed in this study that a high resolution mesh is very important when using the finite element method to model small load width ratios.
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